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Abstract 



Starting from an arbitrary endomorphism 5 of a unital C*-algebra A we con- 
struct a crossed product. It is shown that the natural construction depends not 
only on the C*-dynamical system (A, 5) but also on the choice of an ideal J 
orthogonal to Ker<5. 
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Introduction 

The crossed product of a C*-algebra A by an automorphism 5 : A — > A is defined as a 
universal C*-algebra generated by a copy of A and a unitary element U satisfying the 
relations 

5{a) = UaU*, <r x (a) = U*aU, a G A. 

On one hand, algebras arising in this way (or their versions adapted to actions of groups 
of automorphisms) are very well understood and became a part of a C*-folklore |KR86| . 
|Ped79| . On the other hand, it is very symptomatic that, even though the first attempts 
on generalizing this kind of constructions to endomorphisms go back to 1970s, articles 
introducing different definitions of the related object appear almost continuously until 
the present-day, see, for example, |CK80| . |Pas80| . |Sta93| . |Mur96| . |Exel94j . |Exel03| , 
|Kwa05| . |ABL05| . This phenomenon is caused by very fundamental problems one has 
to face when dealing with crossed products by endomorphisms. Namely, one has to 
answer the following questions: 



(i) What relations should the element U satisfy? 
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(ii) What should be used in place of 8 



It is important that in spite of the substantial freedom of choice (in answering the 
foregoing questions), all the above listed papers do however have a certain nontrivial 
intersection. They mostly agree, and simultaneously boast their greatest successes, in 
the case when dynamics is implemented by monomorphisms with a hereditary range. 
In view of the recent articles [BL05j, |ABL05| . |Kwa07a| . this coincidence is completely 
understood. It is shown in |BL05| that in the case of monomorphism with hereditary 
range there exists a unique non-degenerate transfer operator 5* for (A, 5), called by 
authors of |BL05| a complete transfer operator, and the theory goes smooth with 5* as 
it takes over the role classically played by The C*-dynamical systems of this sort 
will be called partially reversible. 

If the pair (A, 5) is of the above described type then A is called a coefficient algebra. 
This notion was introduced in [L O04] where its investigation and relation to the ex- 
tensions of C*-algebras by partial isometries was clarified. Further in [BL05J a certain 
criterion for a C*-algebra to be a coefficient algebra associated with a given endomor- 
phism was obtained. On the base of the results of these papers one naturally arrives at 
the construction of a certain crossed product which was implemented in |ABL05| . It 
was also observed in |ABL05| that in the most natural situations the coefficient algebras 



arise as a result of a certain extension procedure on the initial C*-algebra. Since the 
crossed product is (should be) an extension of the initial C*-algebra one can consider 
the construction of an appropriate coefficient algebra as one of the most important 
intermediate steps in the procedure of construction of the crossed product itself. Thus 
one arrives at the next natural problem: can we extend a C*-dynamical system asso- 
ciated with an arbitrary endomorphism to a partially reversible C*-dynamical system? 
In the commutative C*-algebra situation the corresponding procedure and the explicit 
description of maximal ideals of the arising C*-algebra is given in |KL03| . On the base 
of this construction the general construction of the crossed product associated to an 
arbitrary endomorphism of a commutative C*-algebra is presented in |Kwa05| . Further 



the general construction of an extension of a C*-dynamical system associated with an 
arbitrary endomorphism to a partially reversible C*-dynamical system is worked out 
in |Kwa07a| . |Kwa07b| . Therefore the mentioned results of |BL05| . |ABL05| . |Kwa07a| . 
|Kwa07 b|. give us the key to construct a general crossed product starting from a C*- 
dynamical system associated with an arbitrary endomorphism, and this is the theme 
of the present article, see also Remark [T75l 
The main novelty here is 

(i) the explicit description of the crossed product based on the worked out matrix 
calculus presented in Section [21 

and an observation of (in a way unexpected) phenomena that 

(ii) in general the universal construction of the crossed product depends not only on 
the algebra A and an endomorphism S one starts with but also on the choice of 
an (arbitrary) singled out ideal J orthogonal to the kernel of S (see Section [Tj). 



So in fact we have a variety of crossed products depending on J. 
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The paper is organized as follows. 

In the first section we recall a notion of covariant representation of C*-dynamical 
system which appear in a similar or identical form, for instance, in |Kwa07b| . |LO04| . 
|Kwa05| . |Exel03| . |Mur96| . |Sta9 3j. We split a class of covariant representation into 
subclasses according to a certain ideal they determine, and explain a role this distinction 
plays in the present article. Section 2 contains a matrix calculus which describes an 
algebraic structure of the crossed product and in Section 3 we calculate the appropriate 
norms. Gathering the facts from the previous sections we define crossed product in 
Section 4. In the final section we include theorems concerning representations of the 
newly defined object. 

1 Covariant representations and orthogonal ideals 

In this section we discuss interrelations between covariant representations and orthog- 
onal ideals. In particular, we indicate (in Remark 11.51) a definition of the crossed 
product. 

Let (A, 5) be a pair consisting of a C*-algebra A, containing an identity and an 
endomorphism 5 : A — > A. Throughout the paper the pair (A, 5) will be called a 

C* -dynamical system. 

Definition 1.1. Let (A, 5) be a C*-dynamical system. A triple (n, U, H) consisting of 
a non-degenerate faithful representation tt : A — > B(H) on a Hilbert space H and a 
partial isometry U G B(H) satisfying 



will be called a covariant representation of (A, 5). 

The first named author described in |Kwa07b| a procedure of extending any C*- 
dynamical system (A, 8) up to a system (A + ,5 + ) with a property that a kernel of S + 
is unital. Moreover, the resulting system (A + ,5 + ) is in a sense the smallest extension 
of (A, 5) possessing that property, see |Kwa07b| . Let us now slightly generalize this 
construction, which will be essential for our future purposes. 

Let (A, 5) be a C*-dynamical system and denote by I the kernel of 5 : A — > A. We 
shall say that an ideal J in A is orthogonal to I if 



There exists the biggest ideal orthogonal to I (in the sense that it contains all other 
orthogonal ideals to I) and we shall denote it by I ± . This ideal could be defined 
explicitly. Namely if we let 



Un(a)U* 



7r(5(a)) 



a e A 



U*U G it (A)', 



/nj={0}. 



hull (I) = {x E PrimA, x D 1} 



then we have 





x. 



xehull (I) 



a;GPrim J 4\hull (J) 
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Alternative explicit definition of I x can be found in |Kwa07b| . 

Our construction will depend on the choice of an ideal orthogonal to /. Let us single 
out a certain ideal J which is orthogonal to I in A, that is 

{0} C J C I ± . 

By Aj we denote the direct sum of quotient algebras 

Aj= (A/I)®(A/J), 

and we set 6j : Aj — ► Aj by the formula 

Aj 3 ((a + /)©(& + J)) (5(a) + /) © (5(a) + J) G A/- (1) 
Routine verification shows that 

Ker5j = (0, A/ J) (2) 

Since I = Kei5 it follows that an element 5(a) does not depend on the choice of 
a representative of a + I and so the mapping 5j is well defined. Clearly, 5j is an 
endomorphism and its kernel is unital with the unit of the form (0 + /) © (1 + J). 
Moreover, the C*-algebra A embeds into C*-algebra Aj via 

A 3 a i — > (a + 1) © (a + J) G Aj. (3) 

Since In J = {0} this mapping is injective and we shall treat A as the corresponding 
subalgebra of Aj. Under this identification 5j is an extension of 5. 
The main motivation of the preceding construction is the following statement. 

Proposition 1.2. Let (n,U,H) be a covariant representation of (A,5) and let 

I = {a G A : (1 - U*U)7t(a) = ir(a)}, J = {a G A : U*Uit{a) = vr(a)}. 

Then I is the kernel of 5 and J is an ideal orthogonal to I. Moreover, if (Aj,5j) is 
the extension of (A, 5) constructed above, then n uniquely extends to the isomorphism 
7r : Aj — > C*(ti(A), U*U) such that (n, U, H) is a covariant representation of (Aj, 6j). 
Namely tt is given by 

n(a + I®b + J) = U*Un(a) + (1 - U*U)w(b), a, b G A. (4) 

Proof. Observe that 

U(U*Un(a))U* = Un(a)U* = U(U*U7i(a))U* 

and 

U*(Uir(a)U*)U = U*Uir{a). 

Therefore the mappings 



U(-)U* : U*Un(a) i-> n(5(a)), 
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U*(-)U : tt(S(o)) i-> U*Un(a) 
establish an isomorphism U*Utt(A) = tt(5(A)), (U*Utt(o) i-> n(5{a))). Thus 

S( a ) = <=> ir(5(a)) = ^ U*Uir(a) = (1 - U*U)ir{a) = 7r(a). 

Which means that / is the kernel of 5. 

It is clear that J is an ideal orthogonal to I. If 7? : Aj — > C*(tt(A), U*U) is onto 
and (tt, U, H) is a covariant representation of (Aj, 5 j) then by |Kwa07bl Proposition 
1.5] we have 

U*U = 7?(1 + / © + J). 

Thus tt is of the form (QJ . Conversely, formula (pj defines an isomorphism which follows 
from the definitions of I and J. It is readily checked that (tt, U, H) is a covariant 
representation of (Aj,Sj). ■ 

Remark 1.3. The larger ideal J is the smaller Aj is. Namely, since Ker<5j = (0, Aj J) 
(recall ((2))) it follows that as J varies from {0} to I x the kernel of 5j varies from (0, ^4) 
to (0, A/ 1 1 -). On the other hand, in view of (ED) and (J3|), the image of 5j is always 
isomorphic to AJ I (the first summand of Aj) and thereby it does not depend on the 
choice of J. The case when J = I x was considered in |Kwa07b| . see discussion below. 

Proposition 11.21 makes it natural to introduce the following definition. 

Definition 1.4. Let (ir,U,H) be a covariant representation (tt,U,H) of (A, 5) and J 
an ideal in A orthogonal to kernel of 5. If (tt, U, H) and J are combined with each 
other via equality 

J={aeA: U*Utt(o) = vr(a)} 

then we shall say that (tt, U, H) is a covariant representation associated with the ideal 
J and also that J is the ideal associated to covariant representation (tt, U, H). 

Remark 1.5. We stress that in view of Proposition 11.21 and results of |Kwa07b| and 
|ABL05| one could proceed to defining crossed product associated with an ideal J, right 
away. Namely, if we fix an ideal J orthogonal to kernel of 5 then the algebra 

C*(tt(A),U*U) ^Aj 

does not depend on the choice of a covariant representation (tt, U, H) (as long as it is 
associated with J). Furthermore, it was shown in |Kwa07b| that the algebra 



B = C*(\J U* n TT(A)U n ) 



ngN 



can be described in terms of the system (Aj, Sj), and therefore it also does not depend 
on the choice of (tt, U, H). Obviously we have 

UBU* c B, U*BU c B, U*U e Z(B) 



which means that B is a coefficient algebra for C*(tt(A), U) and the C*-dynamical sys- 
tem on B, with dynamics implemented by U , is partially reversible. Thus we can apply 
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the crossed product elaborated in |ABL05| to the extended partially reversible system 
on B (which is uniquely determined by (A, 8) and J) . 

Summing up, the construction of crossed product involve essentially two steps: ex- 
tending an irreversible system on A up to a partially reversible system on £>, and then 
attaching the crossed product to the extended system. Such an approach was explored 
in the commutative case in |Kwa05| . In contrast to this two (or even three) step con- 
struction, in the present paper, however, we propose a direct approach which provides 
us with a one more interesting, integral point of view. 



In view of Proposition 11.21 and |Kwa07bl Theorem 3.7], cf. above remark, we have 



the following highly non-trivial statement. 

Theorem 1.6. Let J be an arbitrary ideal in A having zero intersection with the kernel 
of S. There exists a covariant representation associated with the ideal J. 

The first named author introduced in |Kwa07b| a notion of a strict covariant rep- 
resentation where by a strict covariant representation of (A, 5) he meant a covariant 
representation (ir, U, H) such that 

U*U = 1- slim tt(// a ) (5) 

A 

where {/ia}aga is an approximate unit in the kernel I of 5. It follows that if (71, U, H) 
satisfies ((5|) it is associated with the ideal I L , cf. |Kwa07bl Remark 1.11]. However the 
converse statement is not true. 

Example 1.7. Let A = c be the algebra of all converging sequences (numbered by 
1, 2, 3, 4, ...) and let 5 be an endomorphism of A which maps a sequence (a(l), a(2), ...) 
onto a constant one (a(oo), a(oo), ...) where a(oo) = lim^oo a(k). Then the kernel 
I = Co of 8 is the algebra of all sequences converging to zero. Let H = ^(Z) and define 
7T : A -> L(H) by 

'a(k)h(k), k>0 
a(oo)h(k), k<0 



(ir(a)h)(k) 

Let us consider the family of co-isometries U n G L(H), n — 0, 1, 2, where 

(U* n h)(k). 



h(-2k + l- n), k > 
h(2k-n), k<0 



Then for every n the triple (tt, U n , H) is a covariant representations associated with 
J- 1 . However, (tt, U n , H) satisfies (jHJ) if and only if n = 0. 



2 Matrix calculus for covariance algebras 

In this section we describe a certain matrix calculus that will be an algebraic framework 
for constructing our principal object — the crossed product. 
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We denote by A4(A) the set of infinite matrices {ajj}ijeN with entries in A indexed 
by pairs of natural numbers such that the coefficients are of the form 

aij e <f(l)AP'(l), t,jeN, 

and there is at most finite number of which are non-zero. 

We will take advantage of this standard matrix notation when defining operations 
on /A (A) and investigating a natural homomorphism from M.{A) to the covariance 
algebras generated by covariant representations. However, when investigating norm 
of elements in covariance algebras, it more handy to index the entries of an element 
in M.{A) by a pair consisting of a natural number and an integer. Hence we shall 
paralellely use two notations concerning matrices in A4(A). Namely, we presume the 
following identifications 



a U . % .,, i,jeN, 

mm{ij}' ,J ' 



O n ,k+m k > 
O n -k,m k < 

under which we have two equivalent matrix presentations 



n£N, k E Z, 



/ a 00 a 01 °02 " " " \ 
a 10 a ll 0-12 ' " ' 
O-20 0,21 0,22 " " " 



V : 



i 



l 
,(0) 





(1) 



r-2) ^(-i) ^(o) 



V 



/ 



The use of one of this conventions will always be clear from the context. 

We define the addition, multiplication by scalar, and involution on A4(A) in a natural 

manner. Namely, let a = {ayjjjgN and b = {%}ijeN- We put 



(o -|- 6) miri o m n -\- 6 m)7l , 

(Ao) m;n Ao mjn 
/ *\ * 

\0 )m,n O nm . 



(6) 
(7) 
(8) 



Moreover, we introduce a convolution multiplication on Ai(A), which is a reflection 
of the operator multiplication in covariance algebras. We set 



a * b = a ■ Aj ( b ) + Yl Ai (°) ' b 

3=0 3=1 



(9) 



where • is the standard multiplication of matrices and mapping A : M.{A) — > M.(A) is 
defined to act as follows: A(a)y = 5(aj_ij_i), for i,j > 1, and A(a)y = otherwise, 
that is A assumes the following shape 



A(a) 



/ 

5(a 00 ) 8(a i) 5(a 02 ) 

5(a 10 ) S(a u ) 5(a 12 ) 

5(a 20 ) 5(a 2 i) S(a 2 2) 

V ; ; ; ; 



(10) 
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Proposition 2.1. The set M.(A) with operations (J@J), ((3), (IEJ) ; © becomes an algebra 
with involution. 

Proof. The only thing we show is the associativity of the multiplication ([9]), the 
rest is straightforward. For that purpose we note that A preserves the standard matrix 
multiplication and thus we have 



oo oo 

a * (6* c) = a * (b ■ J2 A3 ( c ) + E ' c ) 

3=0 j=l 

oo oo oo oo oo oo 

a E A " ( b E AJ ( c ) + E Aj ^ c ) + E Afc (°) ( 6 E AJ ( c ) + E AJ ( fe ) c ) 

k=Q j=0 j=l k=l 3=0 3=1 

oo oo oo 

= aA*(6)A J '(c) + Yl Ak ( a ) b • A "( c ) + E Ak ( a ) Aj ( b ) c 

k,j=0 k=l,j=0 k,j=l 

oo oo oo oo oo oo 

Y Ak (b) + A »b) E A1 ( c ) + E AJ { a E A "( & ) + E Afc ( fl ) 6 ) c 

k=l j=0 j=l k=0 

oo oo 

(a ■ Y Ak ( b ) + E Afc ( a ) • & ) * c = ( a * & ) * c - 



fc=0 



k=l 



k=0 



k=l 



We embed A into .M(.4.) by identifying element a & A with a matrix {a mn }m,ngN 
where a 00 = a and a mn = if (m,n) 7^ (0,0). We also define a partial isometry 
m — {u mn }m,neN in *M (.4.) such that m i = ^(1) an d u mn = if (m, n) 7^ (0, 1). In other 
words, we adopt the following notation 



u 



( 5(1) ... \ 
••• 
••• 



V : 



and a 



fa ••• \ 
••• 
••• 



V : 



for aeA. (11) 



One can easily check that the *-algebra A4(A) is generated by u and A. Furthermore, 
for every a G A we have 



u -k a -k u* = 5(a) and u*-ka-ku 



( ••• \ 

5(l)a5(l) •■■ 

••• 

V ; ; ; ■-. j 



Proposition 2.2. Let (tt,U,H) be a covariant representation of (A, 5). Then there 
exists a unique * -homomorphism ^( n ,u) from A4(A) onto a * -algebra Cq(tt(A), U) gen- 
erated by n (A) and U , such that 



*(7r,E/)(a) = 7r(a), a e A, # (7rjt /)(u) = U. 
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Moreover, ^(tt,u) is given by the formula 

oo 

* (n,U)(Wm,n}m,neN) = ^ U* m Tl(a m ^)U n ', (12) 

m,n=0 

and thus C*(tt{A),U) = {Y2,n=v U * m < a ™,n)U n : {a m , n } m , n6N e A4(.A)}. 

Proof. It is clear that *&( n ,u) has to satisfy form ( Tl2l . Thus it is enough to check 
that ^(Tr.f/) is a *-homomorphism, and in fact we only need to show that ^(w,u) is 
multiplicative as the rest is obvious. For that purpose let us fix two matrices a = 
{a m ,n} m ,n&h b = {b m , n } m ,neN € M(A)}. We shall examine the product 

cp, r , s ,t = [/* p 7r(a p>r )C/ r C/* s 7r(6 Sj i)C/* 

Depending on the relationship between r and s we have two cases. 

1) If s < r then 

c p ,r )S ,t = C/*%(a p , r )C/''- s (C/ s C/* s )7r(6 Sjt )C/* = U^^U^U^U^nib^U 1 

= U* p ir{a Pir )U r - 8 ir(b att )(U* r - s U r - a )U t = U* p 7r{a p J r ~ s {b Sit ))U t+r - s 
Putting r — s = j,r = i,p = m and t + r — s = n we get 

Cp, r ,s,t = U m 7r(a m!i 5 j (b i . j ^ j ))U n 

and thus 

oo oo oo 
Cm,r,s,n-r+s = ^ J2 U^O,^ (b^^U" = U m n({a ■ ^ A j (b)) mn )U n 

s,r£N j = Q i=j j=Q 

s <r 

2) If r < s then 

c P ,r, s ,t = U* p 7c{a Ptr ){U r U* r )U* s - r 7i{b Sit )U l = U^Tiiap^U^U^U^Tiib^U 1 

= U^iU^'U'-^^ap^U^Tiibs^U 1 = fr p+s - r 7r(5 s ~ r (a Pir )& Sit )£/' 
Putting s — r = j,r = i,p + s — r = m and t = n we get 

c P ,r,s,t = U m ir(8 j (a m - j j- j )b itn )U n 

and thus 

oo oo oo 

s,rGN j — 1 j— j j=0 

r <s 

Using the formulas obtained in 1) and 2) we have 

*(7r,!7)(a)*(7r,J7)(&) = c P,r, S ,t = c p,r,s,t + <^,r,a,t 

p,r,5,t^N p,r,s,t£N p,r,s,iGN 

s < r r < s 
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E 



-"tn,r,s,n—r+i 



+ E 



Cm-s+r,r, 



:n= ^ ^a*6) m ,„,fr = ^ iC/) (a*&) 



s<r, n<r — s 



r<s, m<s — r 



m,nGN 



and the proof is complete. ■ 

We now examine the structure of M(A). We shall say that a matrix {<% }n&,mei 
in M(A) is k- diagonal, where is an integer, if it satisfies the condition 

a[ m) ^0^ m = k. 

In other words fc-diagonal matrix is the one of the form 



/ \\ \ 



/ 



if k > 0, or 



( 



/ 



if k < 0. 



The linear space consisting of all fc-diagonal matrices will be denoted by M k . These 
will correspond to spectral subspaces. 

Proposition 2.3. The spaces M k define a 1-gradated algebra structure on M(A). 
Namely 

M(A) = ($M k , 

k&Z 

and for every k, I G Z we have the following relations 

M* k = M- k , M k *Mi(zMk+i. 

In particular, Mo is a * -algebra, M k * M~ k is a self-adjoint two sided ideal in Mo- 
Moreover 

M k *M* k *M k = M k , M k *M* k *Mi*M* = Mi* M* ★ M k * M* k . 

Proof. Relations M* k = M- k , M k * Mi C M k+ i and (M k * M* k )* = (M k * M* k ) 
can be checked by means of an elementary matrix calculus. Using these relations we 
get 

M *(M k *M* k ) = (M *M k )*M* k c M k *M* k , 



{M k *M* k )*Mo = M k *{M* k *M ) c{M k *M 



and thus M k *M% is an ideal in Mo. Since the product of two ideals is equal to their 
intersection we have M k * M k *Mi* M* = Mi*M**M k *Ml. In order to see that 
M k * M k * M k = M k one readily checks that the identity l k in M k * M k satisfies 
l k a = a for every a G M k . ■ 

Proposition 12.31 indicates in particular that Mo may be regarded as a coefficient 
algebra for M(A). This will be showed explicitly in Proposition 12.61 
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Corollary 2.4. Let (jr, U, H) be covariant representation of (A, 5) and let B k = *ff (n,u)(-M.k) 
be the linear space consisting of the elements of the form 

N N 

^U* n Ti{a^)U n+k , if k>0, or ^ U* n+l % (a^U' 11 , if k < 0. 

n=0 n=0 

Then for every k and I G Z we have the following relations 

Bl = -B_fc, B k Bi C B k+ i 
In particular, Bq is a C* -algebra, B k B* k is a self-adjoint two sided ideal in Bq and 

TD TD* TD TD TD TD* TD TD* TD TD* TD TD* 

^kO k D k — ti k , ts k n k nin l — £>i£> l £> k 13 k . 

The importance of B Q was observed in |LO04j and is clarified by the next proposi- 
tion, see |LO04[ Proposition 2.4]. 

Proposition 2.5. Let (it, U, H) be covariant representation of (A, 5) and adopt the 
notation from Theorem \2.2\ and Corollary \2.4\ Every element a G Cq (tt(A), U) can be 
presented in the form 

oo oo 
k=l k=0 

where a^ k G B n(5 k (l)) , a k G n(5 k (l))B , k G N, and only finite number of these 
coefficients are non-zero. 

We shall now formulate a similar result concerning M. {A) . For each k G Z we define 
a mapping N k : M.{A) — > A4q, k G Z, that carries a /c-diagonal onto a 0-diagonal and 
delete all the remaining ones. Namely, for a = {a^} we set 

I (J otherwise , 

One readily checks that for k > we have N k (M k ) = M * 5 k (l), N_ k (M- k ) = 
5 k (l) * A4 . Thus we get that the algebra A4 consists of elements that play the role 
of Fourier coefficients in M.{A). 

Proposition 2.6. Every element a of A4(A) is uniquely presented in the form 

oo oo 

u* k * a„ fc + a k * u * k 



a 

k=l k=0 



where u is given by ( TUl) and a^ k G Aio*5 h (l) , a k G 5 k (l)~k M. , k G N, and only finite 
number of these coefficients is non-zero. Namely, a k = N k (a) for k G Z. 
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3 Norm evaluation of elements in Cq(tt(A), U) 

In this section we gather a number of technical results concerning norm evaluation of 
elements in Cq(ti(A), U). We shall make use of these results in the subsequent sections. 
The mappings N k : M. k — > Ai factors through $(tt,u) to mappings Af k : B k — > B . 

Proposition 3.1. Let (ir,U } H) be a covariant representation of (A,5) and let k G Z. 
Then the norm ||a|| of an element a G B k corresponding to the matrix {a™ }neN,mez 
in M. k is given by 



lim max < max 

n^oo I i=l,. ...n 



1 -[/*[/) ^7T(^(af)) , ^^Tr(aW) 
j'=o 

In particular the mapping M k '■ B k ^ Bq given by 

Nk{®{n,u){a)) = <£> { K,u)(N k (a)), a G 

is a well defined linear isometry establishing the following isometric isomorphisms 

B k = B 5 k (l), tf k>0, B k = 5^(1)B , if k < 0. 

Proof. Let us assume that k > 0. Let N be such that aS' = for m > N. Then, 
similarly as it was done in |Kwa07bl Proposition 3.1], one checks that defining 

i 

a . = (i _ U*U)tt(J2 ^(af)), i = 0,...,N, a N+1 = U*Un(aP), 

3=0 

we have 

a= (a + U* ai U + ... + U* N {a N + a N+1 )U N )U k (13) 

where 

at G (l-U*U)n(5 l (l)A5 t+k (l)), % = 0, N, a N+1 G U*Un(5 N (l)A5 N+k (l)), (14) 

Since U k is a partial isometry, fomulae (fT3l ) and <HM imply the following equalities 

||a|| = \\(a + U* ai U + ... + U* N (a N + a N+1 )U N )U k U* k \\ 

= \MS k (l)) + U*anr(6 k+1 (l))U + ... + U* N (a N + a N+1 )n(S k+N (1))U N \\ 
= \\ao + U*aiU + ... + U* N (aN + ctN+i)U N \\ = max llajl, 

i=0,...,JV+l 

where the final equality follows from {HJ and the fact that U* j U j - C/*J+ 1 [/J+ 1 ! 
j = 0,..,N, and f/* Ar + 1 f/ Ar + 1 are pairwise orthogonal projections lying in 7r(A)', cf. 
|Kwa07b[ Proposition 3.1]. This proves the case when k > 0. 

In the case of negative k one may apply the part of proposition proved above to the 
adjoint a* of the element a and thus the hypotheses follows. ■ 
We denote by 

d(a, K) = inf \\a — b\\ 

beK 

the usual distance of an element a from the set K . The definition of an ideal associated 
to a covariant representation (Definition 1 1 -4ft and a known fact expressing quotient 
norms in terms of projections, see for instance, [KR861 Lemma 10.1.6], gives us the 
following 
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Corollary 3.2. If (tc, U, H) is a covariant representation of (A, 5) associated with an 
ideal J and I denotes the kernel of 8, then the norm of an element a £ B k corresponding 
to a matrix {a^}neN,mez in M.k is given by 

llall = lim max J max {d( V ^'(af } ), J)}, d(a$\ I) 

n^oo I i=l,...,n ' J J 

In particular, the spaces Bk, k £ Z do not depend on the choice of covariant represen- 
tation associated with a fixed ideal J orthogonal to I . 

We showed in Proposition ^, ll that for an arbitrary covariant representation (it, U, H), 
the mappings Nk factor through to the mappings M k acting on spaces Bk, in general 
however, Nk ■ M.(A) — > B do not factor through ^( n ,u) to the mappings acting on the 
algebra Cq(tt(A),U). In fact, it is the case iff the covariant representation (tt,U,H) 
satisfies a certain property we are just about to introduce. 

Definition 3.3. We shall say that a covariant representation (it, U, H) of (A, S) pos- 
sesses the property (*) if for any a £ Cq(tt(A),U) given by a matrix {a mn } mi „ e N £ 
/A (A) the inequality 

|| ^ fT m 7r(a m , m )fH| < II U* m ir{a m>n )U n \\, (*) 

mGN m,n€N 

holds. In view of Corollary 13.21 the above equality could be equivalently stated in the 
form 

lim max < max \d( \ d 1 ^ 1 (a,- -•), J) } , d(a nn ,I) > < ||a||, (*) 

n^oo I i=l,...,n ^— ' ' ' ' 

L j=o ) 

where (tt, U, H) is associated with an ideal J and I is the kernel of 5. 

The next result, see |LO04l Theorem 2.8], indicates that under the fulfillment 
of property (*) elements of B Q play the role of 'Fourier' coefficients in the algebra 
C* (tt(A),U). 

Theorem 3.4. Let (it, U, H) be covariant representation possessing the property (*) 
then the mappings Nk '■ Cq(tt(A), U) — > B , k £ Z, given by formulae 

Nk(^,u)(a)) =Y. U * n < a{ n) Un ' ( 15 ) 

where {an }neN,mez £ M.(A), are well defined contractions and thus they extend 
uniquely to bounded operators on C*(ix(A),U). In particular, every element a £ 
Cq(tt(A), U) can be uniquely presented in the form 



J2u* k a-k + J2 a * U * k 



k=l k=0 

where a^ k £ B 7r(5 k (l)), ak £ n(5 k (l))B , k £ N, namely, a k = A4(a), k £ Z. 
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Let us also recall [LO041 Theorem 2.11]. 

Theorem 3.5. If(n, U, H) possess the property (*), then for any element a in Cq(tt(A), U) 

we have 

||a|| = lim iy\\jV [(aa*) 2k }\\ (16) 

k— >oo 

where jVq is the mapping defined by (fT5l) . 

Using the above results one sees that in the presence of property (*) the norm 
of an element a G Cq(it(A),U) may be calculated only in terms of the elements of 
A. Indeed, as Afo [(aa*) 2fc ] belongs to B one can apply Corollary 13.21 to calculate 
|| Ao [(aa*) 2fc ] || in terms of the matrix from Ai(A) corresponding to a. However in 
practice, the calculation of the matrix corresponding to the element (aa*) 2k starting 
from a, see formula j9j), seems to be an extremely difficult task. 



4 Crossed product 

Now we proceed to the description of the goal (the main object) of the article. 

The set M.{A) with operations (jBj), 0, (JHJ), is an algebra with involution. We 
define a seminorm on A4(A) that will depend on the choice of an orthogonal ideal. Let 
J be a fixed ideal in A having zero intersection with kernel of S. Let 

|||o|||j := V lim maxi max {d( V S^Haf } ), J) }, d{a£\l) 

' * n^oo I i=l,. ...n ' J J 

fcez L j=o 

where a = {ai fc) }„ 6NifceZ G M(A). 

Proposition 4.1. The function \\\ ■ defined above is a seminorm on M.(A) which 
is * -invariant and submulitplicative. 

Proof. Let (ir,U,H) be an arbitrary covariant representation of (\A, 5) associated 
with J. Such representation does exist by Theorem II .61 Then in view of Corollary 13.21 

for every a G M.k, k G Z, we have 

llklll = \\^(7T,u)(a)\\ 

where &(-k,u) '■ M.(A) — > L(H) is the *-homomorphism defined in Proposition ??. Using 

the fact that every element a G M.(A) can be presented in the form a = J^kez 12 ^ 

where G Aik one easily sees that |||| • |||| is *-invariant seminorm. To show that it 

is submultiplicative take a = Ylk& a G Ai(A) and b = Ylk<=z b e M(A) such that 
a {k)^{k) e Mk Then 



\ a * 6|| i = ii i a(k) * E b(l) ii i = ii i E E a(k) * bil) ii i ^ E ii \ a(k) * 6(0 1 

fcez lez fcez i&z k,iez 

= \\^,u)(* (k) *b (l) )\\ < E • ll<W& (0 )ll 

k,l£Z k,leZ 

= E infill- infill = E infill E 



kiez feez «ez 
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Definition 4.2. Let (A, 5) be a C* -dynamical system and J an ideal in A having a 
zero intersection with the kernel of 5. Let 

C*(A,6, J) 

be the enveloping C*-algebra of the quotient *-algebra A4(y4)/||| • |||j. The C*-algebra 
C*(A, 5, J) will be called a crossed product of A by 5 associated with J. 

Regardless of J, composing the quotient map with natural embedding of A into 
A4(A) one has an embedding of A into C*(A, S, J). Moreover, denoting by u an 
element of C*(A, 5, J) corresponding to u G M.(A) (see (fTTil). one sees that C*(A, 5, J) 
is generated by A and u. 

5 Isomorphism theorem 

Once a universal object (the crossed product) is defined it is reasonable to have its 
faithful representation. This section is devoted to the description of the properties of 
such representations. 

Theorem 5.1 (Isomorphism Theorem). Let J be an ideal in A having a zero inter- 
section with the kernel I of 5 and let fa, Ui,Hi), i— 1,2, be covariant representations 
of {A, 8) associated with J and possessing the property (*). Then the relations 

<$>fa{a)) :=7r 2 (a), a e A, $(E/i) := U 2 

gives rise to the isomorphism between the C* -algebras C*fa(A), U\) and C* fa(A) , U2). 

Proof. Let B 0ji be a *-algebra consisting of elements of the form ^2 n=0 U^ n iri(a n )U^ , 
i — 1,2. In view of Corollary 13.21 $ extends to the isometric isomorphism from i?o,i 
onto -80,2- Moreover, we have 

®(U ia U*) = U 2 (<S>(a))U;, a G B 0>1 . 

Hence the assumptions of |LO04l Theorem 2.13] are satisfied and the hypotheses fol- 
lows. ■ 

Corollary 5.2. // (ir,U,H) possess property (*), then we have the action a of the 
group S 1 on C*(tt(A),U) by authomorphisms given by 

a z fa(a)) := 7r(a), a G A, a z (U) := zU, z G S 1 . 

Moreover the spaces are the spectral subspaces corresponding to this action, that is 
we have 

B k = {ae C*(A, U) : a z (a) = z k a}. 
In particular, the C* -algebra B is the fixed point algebra for a. 
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Proof. Let (tt,U,H) be associated with J and let z G S 1 . It is clear that 
(it, zll, H) is also a covariant representation of (.4., 8) associated with J and (7r, zll, H) 
possess property (*). Hence by using Theorem 15.11 a z extends to the isomorphism of 
C*(tt(A), U) = C*(n(A), zU). The remaining part of the statement is obvious. ■ 

The next theorem is an immediate corollary of the previous statements and [LO041 
Theorem 2.15]. It is another manifestation of the fact that the elements A4(a), fceZ, 
should be considered as Fourier coefficients for a G C*(n(A), U). 

Theorem 5.3. Let (it, U, H) possess property (*) and let 

a G C*(tt(A),U) 

Then the following conditions are equivalent: 
(i) a = 0; 

(ii) M k {a) = 0, keZ; 
(in) Af (a*a) = 0. 

The results presented above give us a possibility to write out a criterion for the 
representation of the crossed product to be faithful. 

Theorem 5.4. If (7T, U, H), is covariant representations of (A, 5) associated with J, 
then relations 

(tt x 17) (a) = vr(a), (vr x U){u) = U 

determines in unique way an epimorphism it x U : C*(A, 5, J) — > C*(A, U). Moreover 
7r x U is an isomorphism iff (it, U, H) possesses property (*) 
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